


§ linear transformations .

Deff Let V and W be vector spaces over F.

A linear transformation from V to W
.

is a map

T : V→ W .

St
.

(a)
.

TC # +F) = This + Tcy→ )
(b) T Cai' ) = aT⇔

for all ¥5 c- V and a c- F
.



Quick consequences :

Let F. ✓→ W be a linear transformation . Then
,

is 1-(0-1)=8
.

④ -1k¥ - -
. +on E.)= a + . -

. +ETTA f- v7 . - - -
c-V. ai - : anEF

'

[ i. e., T
-

presents linear combinations

Pf : is T# = -110%+0%3=-1*1+-1 c-W
⇒ TCOJJ =w by cancellation law in W

.

Hit By induction on n
.



Examples :

• Let A c-Mmm (F) If we regard F
"

and Fm as space of column vectors,
then LA : f-

"

→ Fm
. defined by ↳ 1×-7 :=Ax→ is linear

.

This is called the left multiplication by A .

LJ . left multiplication by ( too - Sino

Sino aso) gives the rotation .

To : ☒→☒ by 0in the counterclockwise direction
.

^

Ae¥¥%
e
,



• T : RIB )→PmlE ) defined by Tcfix) ) :=ft×)
is a linear transformation .

CTCf-igi-ff-gf-f-gk-cfi-igy-caf-j-ca-fj-a.fl-a.IT/-i.T:Pn-iCR-
→ RIB) defined by Titan )=§ftbdt

0

is a linear transformation .

• Zero transformation To
: ✓→ W defined by To =o→w Kiev

Identity transformation .
Iv : ✓→ V defined by Iv =P KIKU .



§ Null spaces and ranges .

Def Let V and W be vector spaces and T: V→W be linear
.

The null space / kernel of T is define> as

MT ) : = { ☒ c- V : 17×-5=5 } C V
.

The range / image of T is defined as

RCT) : = { 71×-7 :
☒ c- V } CW .



Example :

• For the left multiplication LA : F
"

→ Fm by a matrix A c- Mmm (F)
.

NCLA) = NCA ) , the null space of A .

RCLA) = GA) , the column space of A
i. e
, spae of linear combination of column vectors of A .

↳*5- A-* =\! , I. .
. (7)⇒ ily + - - - + ✗nili

.

I. I , I ✗n



←
dim -4+1

• For T : Pnc☒→ Pnd# defined by Tcfa)) fix .

NLT) = { a. c-Puck) : a. c- A } -_ BIRD
.

dim --1

RCT) = Pn-iCR) dim -_ n { 1.x , - -
- ix

"" }

• Identity map Iv :V→V .

NCIV)={ Ov} , Ritu)=V .

Zero map .

To :V→W
.

Neto)=V , Rito)=9w}

• Eugene / onto T:V→W ⇔ Ri)=W
.

Injective/ one-to-one T.V-sws.tn TCI
'

)≠Tcy→, for ✗→≠y→ .

⇔ Nil)={ OF}

⑦ TlÑ)=w
,

and unique ; ⇔ : -11×3 -Taj)=T-53=10 if#±y→



PRIM : Let T: V→W be a linear transformation .

Then MT) and Rt) airspace of V and W respectively .

1¥ Since T(Ñ)=0w→
,
we have OT' ENT) and Out c- RCD

.

Let I,y→ c-NCT) .

and a c- F . Then

TAP-153--17×7+7155=0-2+51--5'w
1- tax ) = a. 71×-3 = a. tin = 0→w

.

⇒ X→+y→ c- NCT) and aitMT) .
Hence MT) CV is a subspace .



Now let ñ3J> c- RCT) and Atf
.

Then there exist I?y→tV St . This =P .

and Topi =P .

So 17×-457=71×-5+1-47 =Ñ+v→
.

⇒ ñ7v→oRcT

and T(a⇒= a.This = a. u→ ⇒ a.Ii c-Ri .

Hence 1247 is a subspace of W .

☐



Proposition : Let T:V→w linear transformation .

-

If D= { v7 , -
- -

,
v7 } is a bestor V.

Spanning set .

then RCT)= span ( TCM ) = span { Tai, , - -
-

,
Tevis}

1¥ • Since Tcvj
'

) C- RCT) for j=i, -
-

in and 1247 is a subspace .

we have span { Tcvij , - - . ,Tcv% } a RCT) ✓

• Conversely , let w→=T# c- RCT) where I> c- V.
Then 7- a,

- ' '

/
an EF St .

I'=¥zajvj→
So w→=T⇔=TCÉajvj→)=ÉajTvJ> c- span } -1M .

' ' ;TÑn3}
This proves the revers inclusion

""

RCT, a span {This ,
- - ;TCÑ) }

✓

☐
.



Next Goal :
"

Measure
"

the size of subspace MT) & Rt )

Intuitively , the larger NCT) ,
the smaller 1247

the smaller MT) , the larger RCT) .

Def Let F. V→W linear transformation , tf MT) and Kit are finite- dimension.

Define nullity (T) : = dim NLT)

rank (T ) : = dim RCT)
i



④
eorem-CRank-NullityT-heoremlletV.tvbe vector spaces .

S.t. V is finite-dimensional
Then for any linear transformation T : V→W , we have

nullity (T) + rank CT) = dim -1 .

11

dim MT ) dim
"

RCT)



Kf : Let dim V=n .

and dimwit)=k≤ n
.

Choose a basis { v7 , - -
-

,
Vi } for NLT)

finicky ⇒ can leted-aba.is f- { ii. - i.I.ñiñ } of V.

MT) =
{ÑEV :

Tci
'

)=o }

"

W



ik rn

Rank - Nullity Theorem : dim NCT) + dim RCTI = dim V.
11

'

mk ?

Claim : 5- { Twi:)
.

.
- - .TN?) } is a basis for Ri .

• SEE : we proved last time Ri=span{TÑ .

- -
-

. Tevin's}

( since Tati)= . . - =TcÑ⇒ ⇒pan { 714¥ , - - -

,
Twin }

= spans .



• Slicing : Suppose 7- brei
,

- -

i. bnef St
. ÉbiTÑ)=o
f-ktl

Sine T is linear .
Tl.ÉqbiÑ)=ÉE,biTÑ ) =P .

⇒ ÉgbiÑ c- NLT)
.

Thus
,
bmVÑ+ - - - + bnVn→=GÑ+ .

- -14nF for some a- c- F

As f- {F. - -
- .ir?3isab-asisforV .

We must have bk+F - - - =bn=O
. (and C ,

= - - - = 4<=0)
.

Hence
,
S is 1in

. indep and thus forms a basis for 14T)
17



Corollary : Suppose Vaud Ware vector spaces of equal finite dimensions
.

T : ✓→ W is a linear transformation .

Then TFAE
:

(a) .

T is injective (
MATH 1030 : Man invertible

(b) . T issurjective
' EÉ=dimf .

⇔ rankM=n )
0¥ Tis injective
⇔ Ni )={8 } ⇔ dimwit)=0 .

⇔ rank IT)=dimRcT) = dim V. Crank- Nullity -1hm)
⇔ dim Rt) = dimw (dim ✓ = dimw by assumption)
⇔ RCT) = W , i. e.

, T is surjective . ☐



Remark : Corollary is not true in infinite-dimensional case .

e.g . Ti : PCB)→ Pik )

fan → thx , surjective , but not injective

Tz : PCE ) → PCE )

fan → Sithole . injective but hot surjective



Applications :
{ ix. ñ }

'

Efi T : RCA) → BAR ) defined by

Tlfcx) ) = 2ft# + IF 3ftdt linear

We have RCT) = span { TCH , TCH ,
Tai, }

= Span { ¥ ,

2¥ :-X
,

"

4×-1×3 } linindep .

⇒ rank 51) = dim RT) =3 .

⇒ nullity (1) = dim NCT) = 0
.

So we conclude that T is injective .



Show that V9.x, c- PCE )€¥ʰÉp(✗)Gp(☒, s.+
. [1×45×+7114×1]

"
= fix) .

Pff Define a map T : PAH → PCRH is linear check ! )
pay → [(1145×+7)/1×1]

"

The original statement ⇔ Tis surjective .

Note
: ( Anx

"

-1 - - - +aixtad
"

= n.cn-1) an ✗
"-4 . .

. 1=0 if an-to.tn≥2 .

⇒ T injective .

BUT PCB) inf- dim .

Instead of considering PCE) , we restrict to Tn
:
Pnl#→ PncB)

Now
, brdky implies Tn is injected⇒ Tn is infective ttn

⇔ T is surjective .

☐



Next : Explicitly describe T: ✓→Wms Matrix Representation

Theorem. Let {vii. -Ñ } be a dais for V

Then
. given any Ñi, -

- -

,
WTTW

. linear transformation7-l.mn
T : ✓→ W

.
S.t.TV?)--wTV-i--;.--,n .

1¥ For x→=Éai④=a , - - - tan c- ✓ ( basis ⇒ unique expression )i='

{ ↓ ↓

let THY -- [ aiwa④+ .
. .+anw⑤EW



• 1- (Ti ) = WT? Hi -4
.

-

ii. n

• Tis Liner :
For x→=EaiÑ . J=iÉbiÑ c- V

,
CEF

-11×-457=-11-2 @ itbi)Vi→)=Élai+bi)wi→= -11×-3+-1151 .

F- I F- I
n

1- ( CF ) = TCÉ caivi-Y-IcaiwT-c.TT ) .

F- I F- I

◦ Tis knight : suppose U : V→W is tear S.t.HU?7---Wi? .

Then V-ñ=ÉciÑeV .

Fi

Uñi=ÉtaiUwi)=Éaiwi→=TcÑ ⇔ U=Ti = ,
☐

.



☆
Corollary : Let V be a vector spare with a finite basis f- {viii. ñ'} .

Then any linear transformation from V to another vector spaceW.is#E-ybyits values on B
.

i.e
, if UT : ✓→ W are linear

& U = TLE ) Vi =L . . . -

, n

then U=T .


